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Abstract. We show that the horof unction compactification of Teichmiiller 
space, endowed with the Teichmiiller metric, is homeomorphic to the 
Gardiner-Masur compactification. 
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1. Introduction 

Let S = Sg jTl be an oriented surface of genus g with n punctures. We 
assume that 3g — 3 + n > 0. Denote by T(S) the Teichmiiller space of S 
and <It(-,-) t ne Teichmiiller metric. It is well-known that the Teichmiiller 
metric is a complete Finsler metric, and that any two points in Teichmiiller 
space can be connected by a unique geodesic. For 3g — 3 + n = 1, the 
Teichmiiller metric is isometric to the Poincare metric on the unit disc, 
which has constant negative curvature. For 3g — 3 + n > 1, it was proved 
by Masur [12] that the Teichmiiller metric does not have negative curvature 
in the sense of Busemann, and it was proved by Masur and Wolf |16j that 
the Teichmiiller metric is not Gromov hyperbolic. For more progress in the 
study of the Teichmiiller metric, we refer to Masur |15] and the references 
there. 

There are several compactifications of 7(S), such as Thurston's compact- 
ification, Bers' compactification and the Gardiner-Masur compactification. 
Compactification of T(S) is important in the study of mapping class groups 
and degeneration of quasi- Fuchsian groups (see Thurston [27] , Bers [JJ and 
Ohshika [23] )• A natural question is to study the relation between the Te- 
ichmiiller metric and the compactifications of 7(S). 
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Teichmiiller proved that there is a homeomorphism from the open real 
(6g — 6 + 2n)-dimensional ball to 7(S), realized by the radial map along 
Teichmiiller geodesic rays from a fixed base-point. Extending the home- 
omorphism to the closed ball defines a compactificaiton of 7(S), which is 

T 

called Teichmiiller's compactification and denoted by 7{S) . 

The mapping class group is the group of homotopy classes of orientation- 
preserving homeomorphisms of S and the extended mapping class group is 
the group of homotopy classes of homeomorphisms of S. Kerckhoff [TO] first 
proved that the action of the mapping class group on 7(S) does not extend 

T 

continuously to 7{S) . Since the action of the mapping class group on 
7(S) extends continuously to Thurston's compactification (Thurston [27], 
FLP [6]), it follows that Teichmiiller's compactification is different from 
Thurston's compactification. Masur p3] further showed that if a Teichmiiller 
geodesic ray is uniquely ergodic or Strebel, then it converges to a limit point 
in Thurston's boundary. There exist Teichmiiller geodesic rays which do not 
converge in Thurston's boudary, see Lenzhen [11] . 

The aim of this chapter is to relate two distinct compactifications of 7(S): 
one is the horofunction compactification (defined by Gromov [8]) with re- 
spect to the Teichmiiller metric, and such a compactification could be defined 
on a quite general class of metric spaces; the other is the Gardiner-Masur 
compactification, defined by using extremal length of simple closed curves. 

The main result in this chapter is: 

Theorem 1.1. The horofunction compactification of (7(S),(1t) is homeo- 
morphic to the Gardiner-Masur compactificaiton of7(S). 

The proof of Theorem l 1.11 and an explict homeomorphism from the Gardiner- 
Masur compactificaiton to the horofunction compactification will be given 
in Section [SJ 

There are two corollaries (see Proposition 13.21 and Proposition 13.41 for the 
proofs): 

Corollary 1.2. The action of the extended mapping class group on 7(S) 
extends continuously to the Gardiner-Masur boundary. 

Corollary 1.3. Every Teichmiiller (almost-) geodesic ray converges in the 
forward direction to a point in the Gardiner-Masur boundary. 

Note that Miyachi [TO] already gave a different proof of the fact that 
the action of the mapping class group on 7{S) extends continuously to the 
Gardiner-Masur boundary. 

Miyachi [TO] , [TO] also proved that if a Teichmiiller geodesic ray is uniquely 
ergodic or Strebel, then it converges to a limit point in the Gardiner-Masur 
boundary. Recall that a Teichmiiller geodesic ray is uniquely ergodic or 
Strebel if the vertical measured foliation of the quadratic differential defining 
the geodesic ray is uniquely ergodic or Strebel (all of the vertical trajectoris 
are closed). Miyachi [18], [19] proved that if the Teichmiiller geodesic ray is 
uniquely ergodic, the limit point in the Gardiner-Masur boundary is equal 
to the projective class of the vertical measured foliation (see Theorem 13.11 
for the statement); and if the Teichmiiller geodesic ray is Strebel, the limit 
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point is determined by the vertical measured foliation and the conformal 
structure of the initial point of the geodesic ray. 

It follows that the Gardiner-Masur compactification is natural and com- 
patible with the Teichmiiller metric, although we do not know much of its 
geometric structure. 

Boundary points of the horofunction compactification are called horofunc- 
tions. A horofunction is called a Busemann point if it is a limit point of some 
almost-geodesic ray (see Section 3 for the definition of almost-geodesic ray) . 
Note that for a Hadamard manifold, i.e., a nonpositively curved and sim- 
ply connected, the horofunction compatification is the same as the geodesic 
compactification (see [3]). In particular, each horofunction is a Busemann 
point. 

Since the set of horofunctions of (7(S), (It) is identified with the Gardiner- 
Masur boundary (by Theorem I Lip , it is natural to ask whether every point 
in the Gardiner-Masur boundary is an accumulation point of a Teichmiiller 
almost-geodesic ray. 

We already pointed out that when 3g — 3 + n = 1, the Teichmiiller met- 
ric is isometric to the hyperbolic plane. In this case, each horofunction is 
a Busemann point. When 3g — 3 + n > 2, non-Busemann points of the 
Gardiner-Masur boundary were recently constructed by Miyachi |20j . He 
proved that the projective class of a maximal rational measured foliation 
cannot be the limit of any almost geodesic ray in the Gardiner-Masur com- 
pactification. 

Inspired by the results of Miyachi, one may asks the following questions: 

Questions 1.4. (1) Give a necessary and sufficient conditions for a 
point in the Gardiner-Masur boundary to be a Busemann point. 
Determine the limit point of a general Teichmiiller geodesic ray in 
the Gardiner-Masur boundary from the conformal structure of its 
initial point and (the vertical measured foliation of) the quadratic 
differential determining the geodesic ray. 
(2) Is the set of Busemann points dense in the Gardiner-Masur bound- 
ary? Furthermore, understand the geometric structure of the Gardiner- 
Masur boundary. 

Remark 1.5. Recently we learnt from Cormac Walsh that he has solved 
the first question. 

Our proof of Theorem 11.11 is inspired by a recent result of Walsh [28J, 
which appears in this volume. He proved that Thuston's compactification 
of 7{S) is homeomorphic to the horofunction compactification of 7{S) en- 
dowed with Thurston's Lipschitz asymmetric metric. We have felt for some 
years that the Teichmiiller metric is natural for the Gardiner-Masur com- 
pactification in some sense, while Thurston's Lipschitz asymmetric metric is 
natural for Thurston's compactification. Now we know that the horofunc- 
tion compactification builds a bridge between them. 

Acknowledgements. We would like to thank Athanase Papadopoulos 
for his useful comments and corrections. We are also grateful to Hideki 
Miyachi for reading carefully and for his help in the proof of Proposition 
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2. Preliminaries 

The Teichmiiller space T(S) of S is the space of complex structures (or 
complete, finite-area hyperbolic structures) X on S up to equivalence. We 
say that two complex structures X and Y are equivalent if there is a con- 
formal map h : X — > Y homotopic to the identity map on S. 

The Teichmiiller metric on 7(S) is the metric defined by 

d T (X,Y) :=iinflog#(/) 

where / : X — > Y is a quasi-conformal map homotopic to the identity map 
of S and 



ess - sup K x (f) > 1 
xex 

is the quasi-conformal dilatation of /, where 

K m \h{x)\ + \h(x)\ 

X[S) ~ \fz(x)\ - \f S (x)\ 

is the pointwise quasiconformal dilatation at the point x S X with local 
conformal coordinate z. 

Teichmiiller 's theorem states that given any I,F £ T(S'), there exists a 
unique quasi-conformal map f : X —> Y, called the Teichmiiller map, such 
that 

d T {X,Y) = l -\og K{f). 

The Beltrami differential jx := ^ of the Teichmiiller map / is of the form 
jU = feA for some quadratic differential q on X and some constant k with < 
k < 1. In natural coordinates given by g on X and a quadratic differential 
q' on Y", the Teichmiiller map / is given by f(x + iy) = K^-^x + iK~ l / 2 y, 
where K = K{f) = i±|. 

The Teichmiiller metric is induced by a Finsler norm. Between any two 
points in 7(S) there is precisely one geodesic. A geodesic ray with initial 
point X is given by the one-parameter family of Riemann surfaces {Xt}t>o, 
where there is a holomorphic quadratic differential g on I and a t-family 
of Teichmiiller maps ft '■ X — > Xt, with initial Beltrami differentials fJ,(ft) = 
e^+i ]§[• Here /i(/t) is chosen such that the geodesic ray has arc-length 
parameter given by t. 

Extremal length is an important tool in the study of the Teichmiiller 
metric. The notion is due to Ahlfors and Beurling (ref. [1]). Recall that 
an essential simple closed curve on S is a simple closed curve on S which is 
neither homotopic to a point on S nor homotopic to a puncture of S. Let S 
be the set of homotopy classes of essential simple closed curves on S. 

Given a Riemann surface X, a conformal metric a on X is a metric locally 
of the form a{z) \dz\ wher o{z) > is a Borel measurable function. We define 
the o"-area of X by 



A(a)= [ a 2 (z)\dz\ 
Jx 
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If a G S, then the a- length of a is defined by 

L a (a) = inf / a(z)\dz\, 

a ' J a' 

where the infimum is taken over all essential simple closed curves a' in the 
homotopy class of a. 

With the above notation, we can define the extremal length of a on X by 

_ . , L 2 Ja) 
Extjsf (a) = sup , 

where er(£)|cfe| ranges over all conformal metrics on X with < A(a) < oo. 

The definition of extremal length only depends on the homotopy class of 
X and the homotopy class of a. Fix a G S, Extx(a) defines a function 
on Teichmiiller space. The following important formula is due to Kerckhoff 

rroj. 



Theorem 2.1. Let X,Y be any two points ofT(S). Then 

a iv v\ 1 i Extx(a) 
d T (X,Y) = -logsup 

2 aeS Exty(a) 

A measured foliation on S is a foliation (with a finite number of singu- 
larities) with an invariant transverse measure. The singularities which are 
allowed are topologically the same as those that occur at z = in the line 
field defined by the quadratic form z p ~ 2 dz 2 . Two measured foliations \x and 
\j! are equivalent if for any simple closed curve 7, the geometric intersection 
number i("f,fJ,) and 1(7, //) equal. Denote by M3~ the space of equivalent 
classes of measured foliations. 

There is a special class of measured foliations that have the property that 
the complement of the critical leaves is homeomorphic to a cylinder. The 
leaves of the foliation on the cylinder are then all freely homotopic to a 
simple closed curve 7. Such a foliation is completely determined as a point 
in M3~ by the height r of the cylinder and the isotopy class of 7. Denote 
such a foliation by (7, r) and call it a weighted simple closed curve. Thurston 
|27| showed that M3~ is homeomorphic to a (6g — 6) dimensional ball and 
that there is an embedding S x R + — > M3~ whose image is dense in M3~. 

By Kerckhoff [ID], there is a unique continuous extension of the extremal 
length function from S to M3~, with Extx((7, r )) = r2 Extx(7). As a result, 
the density of (weighted) simple closed curves in allows us to replace 
the right hand side of Kerckhoff 's formula by the supremum taken over all 
H G M3": 

A IV V\ 1 1 Ext *(M) 

d T [X,Y) = - log sup 

2 ^sm? iixty(/xj 

Denote the space of projective measured foliations by We may 

identify with the cross-section {/i G M3~ | Extx (/^) = 1} (for any 

fixed point Xq g 7(S)) and write Kerckhoff's formula as 

a tv v\ 1 1 Exty(/i) 
d T (X,Y) = -log sup ■ 
^ fi&MJ -^xtxvMJ 

Since IPMS" is compact, the supremum is attained by some /i G CPM3". 
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A measured foliation ^ is minimal if no closed curve in S can be real- 
ized by leaves of [i. Equivalently, after Whitehead moves, the foliation has 
only dense leaves on S. Two measured foliations n and v are topologically 
equivalent if after Whitehead moves, the leaf structures are isotopic to each 
other. A measured foliation [i is called uniquely ergodic if it is minimal and 
any measured foliation topologically equivalent to fi is measure equivalent 
to a positive multiple of fi. The following lemma is proved in Masur |14| . 

Lemma 2.2. Assume that fi € M3~ is uniquely ergodic. If v € M.7 satisfies 
i(n, v) = 0, then u = c[i for some constant c > 0. 

Moreover, it follows from Thurston's theory that uniquely ergodic mea- 
sured foliations are dense in M3\ This follows from the fact that the orbit 
of any element of 1PM3~ by the mapping class group action is dense in this 
space. 

3. COMPACTIFICATIONS OF TEICHMULLER SPACE 

Th 

Thurston introduced a compactification 7(S) of 7(S) such that the 
action of the mapping class group on 7(S) extends continuously to the 

Th Th 

boundary d7(S) of 7(S) . We recall some of the fundamental results of 
Thurston as described in [6]. Again denote by S the homotopy classes of 
essential simple closed curves with the discrete topology. Let R^j_ be the set 
of nonnegative functions on § and let P(R+) be the projective space of R^.. 
Denote by tt : — > P(R+) the natural projection. We endow R+ with 
the product topology and P(R^) with the quotient topology. There is a 
mapping ip from 7(S) into R^_ which sends X to the function ip(X) defined 

by 

$(X)(a) =£ X (a) 

for all a E S, where ^x(«) is the hyperbolic length of a on X. Thurston 
showed that ifi = tt o ip : 7(S) — > P(R^) is an embedding and we call it 
Thurston's embedding. 

There is also an embedding of CPM3" into P(R^_) which sends each projec- 
tive class of measured foliation [fj] to the projective class of the function 

7 K^T), 

where i(^,7) is the geometric intersection number of the measured foliation 
fi with the homotopy class of simple closed curve 7. Thurston showed that 
with these embeddings the closure ^('^'(5')) of the image ^('^'(5')) in P(R+) 
is homeomorphic to a real (6g — 6 + 2n)-dimensional closed ball and CPM9~ 

Th 

is the boundary sphere of ip(7(S)). We let T(S') = tf)(7(S)) and call it 

Th 

Thurston's compactification of T(5). The complement d7(S) = if)(7(S)) — 

ip(7(S)) is called Thurston's boundary of 7(S). We always identify d7(S) 
with without referring to the embedding. 

By replacing the hyperbolic length functions £x(ct) by the square root 
of extremal length functions, Gardiner and Masur [7] defined the Gardiner- 
Masur compactification of 7(S) and the corresponding boundary is called 
the Gardiner- Masur boundary. 
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Now we give more details. Define a mapping from 1(5") into R% by 

<}>(X){a) = Ext x (a) 1/2 

for all a E S. Let P(M+) be as before the projective space of R\ and tt : 
— > P(Rj_) be the natural projection. Gardiner and Masur [7] showed that 
(j) = 7r o cj) : 7(S) — > P(R+) is an embedding and the closure (j)(7(S)) of the 

image in P(R%) is compact. Let 7(S) GM = <j>(7(S)). Then T(S) GM 

is called the Gardiner- Masur compactification of 1(5*). The complement 

CtA/ 

&J(S) = 4>(7(S)) — <j)(7(S)) is called the Gardiner- Masur boundary of 

T(5). 

Th 

Gardiner and Masur [7] also proved that d7(S) is a proper subset 

of dT(S) . For further investigations about Thurston's boundary, the 
Gardiner-Masur boudary and their relations with the Teichmiiller geome- 
try, we refer to Gardiner and Masur [7] and to recent works of Miyachi [18] , 
|19j . We just recall the following theorem that will be used later. 

Theorem 3.1 (Miyachi [19j ) . Suppose that r(t) is a Teichmiiller geodesic 
ray defined by a quadratic differential q. If the vertical measured foliation 
3 v {q) of q is uniquely ergodic, thenr{t) converges to a point on the Gardiner- 
Masur boundary and the limit is equal to the projective class ofJ v {q). 

Miyachi's theorem is an analogue of a theorem of Masur [T5] saying that 
if 1 v {q) is uniquely ergodic, then r(t) converges to a point on Thurston's 
boundary and that the limit point is equal to the projective class of 3 v (q). 

In the following, we will give the definition of horofunction compactifica- 
tion for a general metric space and then use Theorem ll.ll to explain Corollary 
11.21 and Corollary 11.31 The proof of Theorem 11.11 will be postponed until 
Section [5j 

Recall that for a locally compact geodesic metric space (M, d) , the horo- 
function compactification is defined by Gromov [8] in the following way. Fix 
a base point xo E M. To each z E M we assigned a function *Sf z : M — >■ R, 
defined by 

(1) V,(x) = d(x,z)-d(x ,z). 

Let C{M) be the space of continuous functions on M endowed with the 
topology of locally uniformly convergence on M. Then the map ^ : M — > 
C(M),z ^ z is an embedding from M into C(M). The closure ^f(M) of 
ty(M) C C(M) is compact, and it is called the horofunction compatification 
of (M,d). The horofunction boundary is defined to be 

Af(oo) = \P(M) - *(M), 

and its elements are called horo functions. 

Note that here the definition of M(oo) depends on the choice of the base 
point xq. If one changes to an alternative base point x±, then the assignment 
of the new function ^f' z is related to \& 2 by ^' z (-) = ^z(') — *&z(xi)- One can 
check that there is a natural identification between ^(M) and W(M) and 
M(oo) is well-defined up to additive constants. 

Let Isom(M, d) be the isometry group of the metric space (M, d). 
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Proposition 3.2. The action of the isometry group Isom(M, d) of M ex- 
tends continuously to a homeomorphism on the horofunction compactifica- 
tion. 

Proof. For any isometry g € Isom(M,d) and any horofunction £ S M(oo), 
we define g ■ £ G C(M) to be 

(5-0(^)=C(5" 1 ^)-C(5" 1 ^o). 
To see that g ■ £ is well-defined, assume that x n € M converges to £, then 
lim * ff>a . (x) = lim d(x, g ■ x n ) - d(x , g ■ x n ) 

n— >oo n— >oo 

= lim d(g _1 ■ x, x n ) - d{g~ x ■ x , x n ) 

n— >oo 

It is easy to check that g induces a homeomorphism from the horofunction 
compatification with base-point xo onto the horofunction compatification 
with base-point g~ l ■ xq. 

□ 

Let (7(S),dr) be the Teichmiiller space endowed with the Teichmiiller 
metric. Suppose that there is a homeomorphism between the Gardiner- 

Masur compactification T(5) and the horofunction compactification ty(7(S)) 
(This is the statement of Theorem II. ip . 

By Proposition 13.21 any element g of the isometry group Jsom(7(S),dr) 
extends continuously to a self- homeomorphism of ^f(7(S)). It is easy to see 
that the action of g on T(S) is the same as the action of ^t^ 1 o g o \l>. As a 
result, we have: 

Corollary 3.3. The action o/Isom(T(5), dx) on T(S) extends continuously 
to a homeomorphism on the Gardiner- Masur compactification. 

Note that the extended mapping class group acts isometrically on the 
Teichmiiller space with the Teichmiiller metric. In fact, a famous theo- 
rem of Royden (generalized by Earle-Kra [S]) shows that, if S is neither a 
sphere with < 4 punctures or a torus with < 2 punctures, then the extended 
mapping class group is precisely the group of isometries of T(S) with the 
Teichmiiller metric (modulo its center if S is closed of genus 2). Corollay 
11.21 follows from Corollary 13.31 

Recall that a geodesic ray in a metric space (M, d) is an embedding 7 
from the interval [0, 00) to M such that 

d(7(*), 7 (t)) =t-s, 

for all s, t € [0, 00), with s < t. 

A map 7 : T — > M, where T is an unbounded subset of M+ containing 0, 
is called an almost-geodesic ray if for any e > there exists a m > such 
that 

|d(7(0), 7 (s))+d(7(s),7(t))-<| < e 
for all s, t E T with m < s < t. The definition of almost-geodesic ray is due 
to Rieffel [25]. 

Rieffel |25j proved the following result: 
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Proposition 3.4. Let (M, d) be a metric space. Every almost-geodesic ray 
of (M,d) converges to a point in M(oo). 

Now Corollary 11.31 the convergence of Teichmiiller almost-geodesic rays 
to the Gardiner-Masur boundary, follows from Rieffel's result and Theorem 
11.11 We learned after finishing this manuscript that Miyachi [20] gave a new 
proof of Corollary 11.31 Since his proof is short and intrinsic, we state it here 
for convenience of the readers. 

Proof of Corollary 11.31 Let 7 : T — > T(5) be a Teichmiiller almost-geodesic 
ray. For any e > 0, there exists an m > such that 

|dT(7(0),7( S ))+dT(7(s),7(*))-*| < e 

for all s,t £ T with m < s < t. In particular, taking s = t > m in T, we 
have 

|dr(7(0) j7 (t))-t| <e. 
Let \ogK r ^ = 2dr( 7 (0), j(t)); then the above inequality is equivalent to 

(2) t?~ < K% < e^. 

For any m < s < t in T, by Kerckhoff 's distance formula, 



sup Ext (^) = edT{r{s)At)) = et _ 
aes Extl 2 M 



As a result, for any a € S, 



£xtV, 2 x(a) ExtH\(a) ExtHl(u) kH\ K x [\ 

r ,l/2 ' r ^l/2 ~~ ^ ,1/2 / \ ' „l/2 — t^1/2 

if L if ; > Ext , s ( u ) if L if L 

r(t) r(s) r(sj« ' r(t) r(t) 



By ([2D, we have 



g ^r(t 2 )( a ) 2e ^g } (q) 

^1/2 " e ^1/2 
r(t) r(s) 



Let £ r (t)(a) = — r -^rj2 ! then 



,1/2 
>(t) 

(3) £ r(i) (a) < e 2e £ r(s) (a). 

It follows that £ r (j)(a) is a bounded function of t. We set 

£(a) = lim inf £ r ( t ) (a). 

Consider the supremum limit limsup ter E r u\(a) < 00. By ([3]), we have 



lim sup £ r n\(a) < e e lim inf £ r u\(a). 

teT ' *e T 

Since e can be chosen arbitrary small, we have 

lim sup £ r ( t ) (a) = lim inf E r m(a). 
teT <eT 

As a result, £(a) is actually the limit of £ r ( f )(a). 
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Note that the above argument is uniformly in a 6 S, by the definition 
of the Gardiner-Masur compactification, j(t) converges to a limit in the 
Gardiner-Masur boundary. □ 

The function £ r / t > (a) is important for understanding the geometry of the 
Gardiner-Masur compactification. Note that if r(t) is a Teichmiiller geodesic 
ray, then £ r (^(a) is a discreasing function of t. We will see in next section 
that this function is generalized by Miyachi [18] to give a representation of 
each point in the Gardiner-Masur boundary. 

4. Convergence in the Gardiner-Masur compacfitication 



-GM 



In the following, when we say that a sequence P n € 7(S) converges 

to P £ T(S) , we always refer to the convergence in the sense of the 
Gardiner-Masur compactification. 

Fix a point Xq G T(S) as the base-point of the horofunction compact- 
ification. For any X € 7(S), denote by Kx the dilatation of the Te- 
ichmiiller map between Xq and X. Note that (It(Xq,X) = ^logKx and 

Kx = sup^gjytJ Ext^^i) 1 '/ 2 (k ere we se t the ratio to be 1 when ji = 0). 
Consider the following function defined on M3~: 

(4) £, W = ^!f^MJ. 

The functions defined in @ are due to Miyachi [T8] and they can be 
continuously extended to the Gardiner-Masur boundary. They play a role 
analogous to the intersection numbers •) in Thurston's compactification, 
as we can see in the following lemma. 

-GM 



Lemma 4.1 (Miyachi [IB]). For any P € 87 (S) , there is a non-negative 
continuous function £p(-) defined on M3~, such that 

£p(t/i) = tS, P (n) 
for any t > and \i £ M3~, and 

CtA/ GM 

(ii) There is an injective map from d7(S) to P(R+) : each P € d7(S) 
corresponds to the projective class of the function §3a4 £p(a). 
(Hi) The function £p(-) is unique up to multiplication by a positive constant 
in the following sense: for any sequence (X n ) in T(S) converging to 

CtA/ 

P G 7{S) , there exists a subsequence (X n .) such that £.v n .(') con- 
verges to a positive multiple o/£p(-) uniformly on any compact subsets 
of M3~. In particular, 

n^oExtxJl/) 1 ^ £ p (V) 

for all n, v G M9~ with £p(^) ^ 0. 

Miyachi [18] also proved that the projective class of the limit function 
£p(-) is independent of the choice of the base-point Xq. In the following, if 
a point P is in 7{S) , we will also define £p(-) as the function given in Q. 
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-GM 



For any P G 7{S) , we define 

£p(") 



Q(P) = sup 



ceMj Extxol^J 1 
and 

£p(-):MJ^R + : M |py. 

Recall that in (|m|) of Lemma 14.11 the function £p(-) is defined up to 
multiplication by a postive constant. Multiplying the function £p(-) by a 
positive constant does not change the value of £p(-) and then £p(-) is well- 
defined (independent of the choice of £ P (-)). We may consider £p(/x) as a 



function of the product space T(S) x M3~. Note that Walsh [28] used the 
geodesic currents theory of Bonahon [1] to define an analogous function on 
Thurston's compactification, given by 



I P {u) 



where I P (u) = t P (y) if P G T(5) and J P (z/) = i(P,z/) if P G TM3~ 

df(sj Th . 

The importance of £p(/i) is indicated by the following theorem. 

-GM 



Theorem 4.2. A sequence (P n ) in T(S') converges to a point P G 

T(S') i/ and only if L p n converges to Lp uniformly on compact set of 
M3~. 



Proof. (=^) First assume that P G 7(S) and P n — > P. By definition, 

Ext^H 
Q(P) = sup — -r- — - = 1. 

^mj K^ 2 Extx (v) 1/2 

As a result, 



fK\ r f \ Ext p 2 (M) 

(5) £p( M ) = 1/2 • 

As n is sufficiently large, P n G T(iS'). The convergence of Lp n to £p follows 
directly from the continuity of the extremal length function. 

Now we assume that P n G T(S),n = 1,2, ••• ,P G <9T(5) and P n 
converges in the Gardiner-Masur compactification to P. Let (P n j) be any 
subsequence of (P n ) such that for some to > 0, £p nj (•) converges to io£p( - ) 
uniformly on compact subsets of M3~. 

Since 

0(Pn)= SUp -j^i = SUp EP »M 



i/£MJ Extxoi^) 1 / 2 ^63W Extxol^J 7 

Q(P n .) converges to toQ(P). Therefore, 
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converges to j^jwp\ = £p(aO uniformly on compact set of M3\ Since the 
limit is independent of the choice of the subsequence (P n .), Lp n converges 
to Lp uniformly on compact sets of M3~. 

For the general case, assume that P n € 7(S) and P n converges in the 

Gardiner-Masur compactification to P € dT(S) . It suffices to show that 
for any fixed compact set K of M3~ and for any e > , there exists an N, 
such that for any n > N, |<Cp„( - ) — £p(')l < e uniformly on K. 

By the above argument, for each P n , there exists a sequence (P n ,k)k=i,- ,00 
in 7(S) such that lim^oo P n ^ = P n and Lp nk {-) converges to £p n (-) uni- 
formly on compact sets of M3~. 

Set P' n = P n , n . We claim that P' n converges to P. Otherwise, suppose 
that there is a subsequence of P' w still denoted by P' n , which converges to 
some limit Q 7^ P. We have 

(4.1) £p^ Lq and then there exists a constant 5o and a measured foliation 
fi such that \£p((JLo) - Lq(/j, )\ > S . 

(4.2) Lp/ (•) converges to Lq(-) uniformly on compact sets of M3~. In par- 
ticular, 

|£p; (/•*()) - £q(a*o)I < <V 3 
for n sufficiently large. 

(4.3) By definition of P n and P' n% 

l £ P„(Mo) - £p(W))| < <V 3 , 

|£p;0o) - £ Pn(^o)| < <V3 
for n sufficiently large. 
From (4.2), (4.3) and the triangle inequality, 

\£p(fM>) - £q(mo)| < <5o, 

which contradicts with (4.1). 

As a result, converges to P. There is a sufficiently large N such that 
for any n > N, we have 

I^Pn(-)-^(-)l<|, feO-M0l<| 

uniformly on ET. It follows that |£p„(-) — £p(')l < 6 uniformly on i^T. 

-GM . . „ « , „ . ^—tt^GM 



(<=) For P n <G T(S') (n = 1, 2, • • • ) and P in 0T(S) , if L Pn converges 
to Lp uniformly on compact set of M5F, we want to show that P n converges 

to P. Let (Y n ) be a subsequence of (P n ) converging in T(5) to a point 
Y. From the above discussion, we have that Ly n converges to Ly uniformly 
on any compact set of M3~. Combining this with our assumption that L p n 
converges to Lp, we have Ly = Lp; that is, for any \i 6 M3~, 

£y(/i) _ £p(a*) 



or equivalently, 



Q(Y) Q(P) ' 



£ >» = e y („) Mw- 

sup yG MJ Ext x („)i/a 
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Therefore, £y equals to £p up to a positive constant. By (ii) of Lemma 

14.11 they represent the same point in 7(S) . As we have shown that any 
convergent subsequence of (P n ) converges to P, it follows that P n converges 
to P. □ 

Lemma 4.3. Let (X n ) be a sequence of points in 7(S) that converges to a 
point P in the Gardiner- Masur boundary. Let Y be a point in 7(S). Let 
(/i n ) be a sequence in VMS' such that 

a (v v\ 1 i Exty(^ n ) 
d T (X n ,Y) = - log- 



2 °Ext Xn (/j n ) 

Then any limit point /x<x, G TM3~ of a convergent subsequence of the sequence 
(/i n ) satisfies £p(//oo) = 0. 

Proof. Since (X n ) converges to P, by (iii) of Lemma 14.11 there exists a 
subsequence, still denoted by (X n ), such that £-x n (') converges to toEp(-) 
(for some constant to > 0) uniformly on compact subsets of M3~. 

For any limit point fi^ G VMS' of a convergent subsequence of the se- 
quence (/i n ), if Extp(/ioo) ^ 0, then the function Exty( / u n ) 1 / 2 /£x n (^n) con- 
verges to Exty(/u 00 ) 1 / 2 /to£p(^oo)- On the other hand, 

Exty(^) 1 / 2 Exty(^) 1 / 2 i/a 

ZxM ExtxJ^n) 1 / 2 Xn 

= e d T (X n ,Y)+d T (X n ,X ) 

which tends to co as X n tends to the boundary. 

As a result, Exty (/Uoo) 1//2 /£o£p(Aioo) = oo and then £p(//oo) = 0. □ 

Lemma 4.4 (Minsky [H]). For any p,u G MJ(5) and any X G 7(S), we 
have 

i(fi,u) < Extx(^) 1/2 Ext x (^) 1/2 . 

Proof. We sketch a simple proof. Note that the intersection number i(-,-) 
is continuous on M3"(S') x M3"(«S I ). By the density of simple close curves 
in M.S'(S), it suffices to prove the lemma for any a,f3 G §. Let q be the 
one-cylinder Strebel differential of height 1 on X determined by a. By a 
theorem of Jenkins-Strebel [26], the extremal length Extx(a) is realized by: 

L 2 Ja) 

Extx(a) = 

where p = \q\ l / 2 \dz\. 

The complement of vertical critical leaves is a cylinder foliated by circles 
isotopic to a. Note that the circumference and height of the cylinder are 
equal to L p (a) and 1 respectively. As a result, L p (a) = A(p) and Extx(a) = 
L p { 1} ) = A{p). 

Since the length of (3 measured by the metric p is larger than i(a,/3), we 
have a lower bound of Extx(/3): 

As a result, Extx(a) 1 / 2 Ext x (/3) 1/2 > i(a,/3). □ 
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Lemma 4.5. Let (X n ) be a sequence of points in 7(S) that converges to a 
point P in the Gardiner- Masur boundary. Let Y be a point in 7(S). Let 
(/%) be a sequence in 7M.7 such that 

a (v v\ 1 i Exty(^ n ) 
d T (X n ,Y) = - log- 



2 a Ext x M 

For any v G M3~, if Sp(z^) = 0, then any limit point G IPMS" of a 
convergent subsequence of the sequence (// n ) satisfies i{v,Hoo) = 0. 

Proof. Consider any subsequence of (X n ), still denoted by (X n ), such that 
£x n (-) converges to toEp(-) (for some constant to > 0) uniformly on any 
compact subset of MCF. 
By Lemma |4.4| we have 

»(«/,/*») < Ext Xn (^) 1/2 Ext Xn (^ n ) 1 / 2 . 

Note that 

Extx» 1/2 Ext x „(/i n ) 1/2 

1/2 Ext X „ H 1/2 Ext Xn (fin) 1/2 „ . , /2 

= edT(Xo ' x " )£ ^(-)^(k) Ext H^) 1/2 

< sup {Exty( / x) 1 /2 }£xji ( l/)e ^(Xo,X„)-dT(y,X„) 

where C is a constant depending on Y. Taking a limit, we have 

i(f,A*oo) <Ct e d ^ Xo ' Y hp(u). 

As a result, if &p(p) = 0, then i(z/, ) = 0. □ 

From the above lemmas, we have 

Corollary 4.6. Let (X n ) be a sequence of points in 7(S) that converges to 
a point P in the Gardiner- Masur boundary. Let Y be a point in 7(S). Let 
(/%) be a sequence in !PM3~ such that 

. , Y V\ 1 1 Exty(^ n ) 

d T (X n ,Y) = - log 



2 Ext Xn (/i„^ 

Let jUjxj, /x^j G J'MS 1 ' 6e /imi£ points of two different convergent subsequences 
of the sequence (// n ). TTien i({ioo, fj.'^) = 0. 



5. Proof of Theorem 11.11 
Our proof of Theorem ll.il is inspired by Walsh |28j . He showed that Thus- 

Th 

ton's compactification 7(S) of T(S') is homeomorphic to the horofunction 
compactification of 7(S) with Thurston's Lipschitz metric. Moreover, for 

Th 

each \i G = d7(S) (Thurston's boundary), the corresponding horo- 

function, which we denote by Vl/J 71 , is given by 

(6) 9™(X) = log sup ^ " lo S SU P ^ V) 
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where Xq is a fixed base point in T(5). 

To prove Theorem II .1\ we will construct the horofunctions of T(S) with 
the Teichmiiller metric by replacing the hyperbolic length £x(n) with the 
square root of the extremal length Extx(^) 1//2 and the intersection number 
•) by the function £^(-) (defined in Section 4). 

For each P € 7(S) , we define the map 

9 P (X) = log sup -^44-, - log sup EM 



^gM? Extx(/u) 1/2 Extx (/u) 1/2 

= lQ S SU P i I / M/2 

^MjExtxGu) v 
for all X £ 7(S). The last equality follows by the definition 

£ P (» = Sp(/x)/ sup - , £p ^ 1/2 - 
^eMj Extxo(M) 7 

Note that if P G T(5), by (gj) and Kerckhoff's formula, 
lT , rv . , Extp^) 1 / 2 Ext P ( M ) 1 /2 

Wp(X) = log SUp - log SUp 



MSMJ Kp /2 Ext X ( / u) 1 /2 ^M? Kp /2 Ext Xo (^) 1 /2 

Extp(^) 1 / 2 Ext P (/,) 1 / 2 

= l0g SUP T7 I / u/2 ~ l0g SUP T7 I / M/2 
figMJ Extx W ' figMJ Extx (A* ) ' 

= d r (X,P)-d T (X ,P). 

Thus, the function ^ p coincides with the function defined in ([1]) for the case 
where the metric space is (T(S'), ciy)- We will show that it is injective and 
continuous. Then Theorem 1 1 . 1 1 will follow from a topological argument. 



GM 



Proposition 5.1. The map ^ : 7{S) ->• C{7(S)) : P -> $> P is injective. 

Proof. To prove the assertion, it suffices to prove that for any two distinct 
points P, Q € f(S) , there exists a point X 6 T(<S) such that 1 I / p(X) ^ 

By Theorem 14. 2\ Lp and £q are distinct. Without loss of generality, we 
assume that £p(/x) < £<g(/i) for some £ IPM^F. Since £p and £q are 
continuous, we can take a neighborhood 3Sf of /i in 1PM3~ and real numbers 
it and f such that 

(7) Lp{v)<A<B<L Q {u). 
for all t/ € N. 

We recall that ?MJ = d7(S) C dT(S) . Since the set of uniquely 
ergodic measured foliations is dense in we can choose a uniquely 

ergodic measured foliation fiQ 6 INT. By identifying VMS' with a subset of 
the Gardiner-Masur boundary, we also choose fio such that P ^ hq. By 
Theorem 3 in |19| . this condition of hq means that £p(/io) ^ 0. Therefore, 
there is an Mi > such that £p(/io) > M\&p(v) for any f € ^PMS". 

Let r(i) be a Teichmiiller geodesic ray defined by a quadratic differential q 
on Xq with uniquely ergodic vertical measured foliation 3 v {q) = [1q. By The- 
orem [3J3 r(i) converges to /j,q (considered as a point in the Gardiner-Masur 
boundary), with £ (U0 (-) = «(AiO) •) up to a positive multiplicative constant. 
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From the sharpness of Minsky's inequality (see Theorem 5.1 in [7j), we 
have 

*(Mo,f) „ ,1/2, s 1 
v&zvi Ext^ Q (z/) 

It follows that L r u\(-) converges to £^ (-) uniformly on compact sets of M3~ 
and 

£ mo(') = *(A*O.0- 

1/2 

We claim that for i sufficiently large, the supremum of £p(-)/Ext r |^(-) is 
attained in the set ZNT. To see this, note that there are To > and < Af 2 < 1 
such that £ r ( t )(» > M 2 for all i/ € \ N but £ r ( t) (/x ) < MiM 2 for 

i > To. Therefore, 



Extjg^o) ^rflO*) 
-1/2 Ap(Mo) 



> A. 



> if 



> A' 



W MiM 2 

1/2 

r(t) M 2 
1/2 £pH 



L P {v) 



for all i/ € 1PMJ\X. 
As a result, 



sup 7-7^ = sup , 

tie^M^Ext^ (/i) Me^Ext^ (//) 



Thus *p(X) < *q(X). 



< 



sup 



M£N Ext^/ 2 (/Lt) 



5 

< sup 



A»eN Ext]/ 2 (//) 



< sup 



^gipmj Ext^ /2 (/i) 



□ 



The following topological lemma will be used later. The proof here is 
given by Walsh [2B] . 

Lemma 5.2. Let X and Y be two topological spaces and let 9 : X x Y — > R 

6e a continuous function. Let (x n ) be a sequence in X converging to x € X . 
Then, f •) converges to $?(x, •) uniformly on compact sets ofY. 
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Proof. Let K be any compact subset of Y . For any e > and y £Y, there 
are open neighborhoods x £ U y C X, y £ V y C 1", such that 

|*(x', 1 /)-*(s, 1 /)| <e, Va/eCWG^. 

Since K is compact, it can be covered by a finite collection of such neigh- 
borhoods {V yi ,--- , Vy n }. Set U = C\i=i t ... >n U yi . Then for any x £ U, 
\^(x',y') — ty(x,y)\ < e holds uniformly for all y £ K. □ 

Lemma 5.3. The map ^ : 7(S) -)■ C(T(5)) : P ->• is continuous. 



Proof. Let P n be a sequence of T(S') G converging to a point Po i n ^(5') G ■ 
By Theorem 14,21 & P n converges to L p uniformly on compact sets of M3~. 
For all X £ ^(5"), the square root of the extremal function Extx 1 ^ 2 is 
bounded away from zero on TMS". We conclude that for any X £ 7(S), 

— ^jjz converges uniformly on to — -^W. Since 



rGM 



^ P n converges pointwise to ^p . Since the function ^ : 7(S) x T(5) — ► 

R : (P,X) — > \Pp(X) is continuous, and P n converges to Pq in T(5) , 
by Lemma 15.21 ^p n (-) converges to ^p (-) uniformly on any compact set of 
7(S). By the definition of the topology of C(T(5)), the map * : P -> *p(-) 
is continuous. □ 

Theorem 5.4. T/ie map $ k a homeomorphism between the horofunction 
compactification of 7(S) with the Teichmilller metric and the Gardiner- 
Masur compactification ofT(S). 

rGM 



Proof. We have shown that ^ : 7(S) — > C(7(S)) is injective and contin- 
uous. Note that an embedding from a compact space to a Hausdorff space 
must be a homeomorphism to its image (see Kelley [S], Page 141 for the 



rGM. 



proof). As a result, X I / (T(5) ) is a compact subset of C(7(S)). Since 
the horofuction compactification is the closure of ty(7(S)), it is equal to 



-GM 



V(7(S) ). □ 



-GM 



Miyachi [18] constructed an embedding $ from 7(S) into the space 
C(M7(S))>o of non-negative continuous functions on M9"(S'), defined by 

.,(■) - £pH 



£p(«) + £p(/3) 

where a, f3 is a pair of simple closed curves filling S*. Such an embedding 

( • \ i 

allows us to give a distance function on 7(S) by 

dist(P,Q) = max^l^p^) - $q(/x)|. 

The topology induced by the distance is compatible with the topology given 
by the embedding V(7(S) ) C C(7(S)). 
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